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Consider the thruster allocation problem where the objective is to
find an optimal distribution of thrust forces over n fully rotating azimuth
thrusters, given the quadratic cost function and quadratic equality and
inequality constrains. Let’s begin by introducing the decision variables
to be minimized, i.e. a set of individual thrust force components. A force
produced by a single thruster is denoted by Fi =

[
Fx,i Fy,i

]T , where
the components in this vector denote the x and y force components. Al-
ternative notation force a single thrust force would be Fi =

[
Fm θ

]T ,
where the components in this vector denote the force magnitude and
the force angle, respectively. However, this approach would later intro-
duce trigonometric function for the equations, causing the constraints
to become non-convex and making the iterative solution less efficient
compared to the case of convex constraints [1]. Thus we will keep the
first thrust force notation throughout this document.

The decision variables are grouped into a column vector x ∈ R2n

which is given by

x =
[
Fx,1 Fy,1 Fx,2 Fy,2 . . . Fx,n Fy,n

]T (1)

In addition, the following matrix x̄ ∈ Rn×2n is defined for notational
convenience

x̄ =

F
T
1 . . . 0
...

. . .
...

0 . . . FT
n

 (2)

where FT
i =

[
Fx,i Fy,i

]
. The cost function for a general quadratic pro-

gram can be written by [2]

C(x) =
1

2
xTQx+ kTx (3)

where Q ∈ R2n×2n is a symmetric cost matrix, given byq1,1 . . . q1,n
...

. . .
...

qn,1 . . . qn,n

 (4)
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In this matrix, a diagonal element qi,i ∈ R represents the quadratic
cost of an individual thrust force component, i.e. the ith element of x,
whereas qi,j represents the combined cost of two separate thrust force
components, i.e. the ith and the jth elements in x.

The most straightforward choice for Q is a simple identity matrix
which gives an equal cost for each individual thrust force component
and no cost for thrust force combinations. In this case, Q becomes

Q =

1 . . . 0
... 1

...
0 . . . 1

 (5)

The thruster allocation becomes a convex optimization problem if Q is
a positive semi-definite matrix [3], i.e. xTQx ≥ 0,∀x ∈ R2n. This is
the desired condition, because we want the cost function to be always
positive.

The second term in the cost function (eq. 3) can be used for assigning
a linear penalty for individual thrust force components. However, in our
algorithm k = 0, meaning that the final cost has only the quadratic part.

The actual optimization problemwith the quadratic cost and quadratic
constraints is given by

minimize
x

1

2
xTQx (6a)

subject to

Dx = W, (6b)
x̄x ≤ Fmax ◦ Fmax (6c)

where D ∈ R3×2n is the rigid body dynamics matrix of the vessel, given
by  1 0 . . . 1 0

0 1 . . . 0 1
−ry,1 rx,1 . . . −ry,n rx,n

 (7)

In the last row, rx,i and ry,i denote the location of thruster i w.r.t the
center of gravity of the vessel. Refer to [4] for more details on the 2D
rigid body dynamics of the vessel.

In addition, Fmax ∈ Rn is the thrust force limit of each thruster, given
by

Fmax =
[
fmax,1 . . . fmax,n

]T (8)
and Fmax ◦ Fmax is the element-wise square of vector Fmax. W denotes
the desired net wrench which is the input for thruster allocation, given
by

W =
[
Fship,x Fship,y Mship,z

]T (9)
where the components of this vector are the desired x force, y force and
moment along z-axis, respectively.
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The first constraint (6b) is linear while the second constraint (6c) is
quadratic, meaning that the optimization problem is a nonlinear pro-
gram. Such nonlinear programs with quadratic objective functions can
be solved by iteratively solving a quadratic programming subproblem
where the constraints are linearized during each iteration. We applied
Sequential Least Squares Programming to solve this optimization prob-
lem, provided by Python SciPy library [5] and originally implemented
by [2]. There are multiple approaches to solve nonlinear programs, all
of them producing the same result for this thruster allocation problem.
The used algorithm is thus an implementation detail.

Scipy assumes that the constraints are given in slightly different
form, compared to (6b and 6c). In practice, all terms should be moved
to the left-hand side of the equations and the equality and inequality
constraints become c1(x) = 0 and c2(x) ≥ 0, respectively. Here c1(x) and
c2(x) are linear or nonlinear functions that take the decision variable
x as an input and return the constraints. As an example, the entire
optimization problem with n = 2 thrusters is input to scipy’s minimize
function in the following form

minimize
x

F 2
x,1 + F 2

y,1 + F 2
x,2 + F 2

y,2 (10a)

subject to

Fx,1 + Fx,2 − Fship,x = 0, (10b)
Fy,1 + Fy,2 − Fship,y = 0, (10c)
rx,1Fy,1 − ry,1Fx,1 + rx,2Fy,2 − ry,2Fx,2 −Mship = 0, (10d)
f2max,1 − (Fx,1 + Fy,1)2 ≥ 0, (10e)
f2max,2 − (Fx,2 + Fy,2)2 ≥ 0 (10f )

In these equations, equality constraints (10b - 10d) are equivalent to
constraint (6b), and inequality constraints (10e and 10f) are equivalent
to constraint (6c), yet the matrix form is dropped. Also note that all
terms are moved to the left-hand side of the equation.
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