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1 The motion model and simulation dynam-
ics

The objective of a dynamic positioning system is to control the position
and the heading angle, that is, the pose of the vessel. The control system
should be capable of driving the vessel to a desired location or track an
arbitrary trajectory (a set of poses). The full state of the vessel can be
encoded into a vector x ∈ R6 which is given by

x =
[
sx sy θ vx vy ω

]T (1)

The elements in this state vector denote the x position, y position, an-
gle w.r.t x-axis, x velocity, y velocity and angular velocity of the vessel,
respectively. The system is assumed to be second-order, i.e. net force
and torque are the controllable quantities and they are linearly mapped
to the acceleration and angular acceleration through the well known
equations

F = ma

M = Iα
(2)

where F andM are the applied net force and net torque, m and I are the
mass and the moment of inertia of the vessel and a and α are the linear
and angular acceleration of the vessel. In other words, the velocity of the
system is changed by applying acceleration, which further causes the
change in the position of the system (and the same for angular velocity
and angle). More specifically, the controllable quantities are the thrust
forces of the vessel, yet we can assume that we can freely set a desired
resultant wrench to the system (within the thrust limits) using thruster
allocation. Therefore in this document document, F =

[
Fx Fy

]T and
M refer to the controllable net force and net torque, respectively.

More formally, the state of the system at the next time step k + 1,
given the current state and the input wrench, is calculated by numerical
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integration

vk+1 = vk +
F

m
∆t

sk+1 = sk + vk+1∆t
(3)

and
ωk+1 = ωk +

M

I
∆t

θk+1 = θk + ωk+1∆t
(4)

where v =
[
vx vy

]T and s =
[
sx sy

]T and ∆t is the discrete time step in
seconds. This numerical integrationmodel, also known as semi-implicit
Euler method [1], is used in the simulation physics for calculating the
position, velocity, angle and angular velocity of the vessel. Note that
the velocity direction of the vessel and the heading angle are completely
independent from each other in this estimated motion model, due to the
lack of a rudder blade. In other words, the vessel can freely be rotated
without affecting its moving direction, if no other force drives it off from
the current linear moving path.

In addition, the simulation incorporates resistive forces that depend
linearly on the velocity according to Fr = γbv, where b is a water resis-
tance factor and γ is a coefficient that depends on the heading angle
of the vessel w.r.t the velocity direction. In the case of forward or back-
ward movement, γ is small while in the case of sideways movement γ is
high due to resisting hull force. However, applying these resistive forces
would make the motion model nonlinear, thus we neglect the effect of
the resistive forces in the controller design. Note that a controller can
still work well even though the underlying motion model is not perfect,
thanks to the feedback part.

2 State space representation
The discrete state space model of the system can be directly formulated
from equations 3 and 4. The state transition model with a sampling
time h becomes

x[k + 1] = Ax[k] +Bu[k]

y[k] = Cx[k] +Du[k]
(5)

where

A =


1 0 0 h 0 0
0 1 0 0 h 0
0 0 1 0 0 h
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
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B =


0 0 0
0 0 0
0 0 0
h
m 0 0
0 h

m 0
0 0 h

I


C =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


D = 0

In this case, the position and the angle of the vessel are assumed to
be directly observed, hence the three rows in the observation matrix C.
Alternatively the entire state x could be assumed to be directly observed.
In this case, C would become a 6 × 6 identity matrix and y[k] = x[k].
However, for now C is assumed to be a 3 × 6 matrix as we are only
interested in controlling the pose of the vessel. Consequently

y[k] =
[
sx,k sy,k θk

]T (6)

The input u for the open loop system is the resultant wrench

u = W =
[
Fx Fy M

]T (7)

3 LQ Control
Linear-Quadratic Regulator or Linear-Quadratic Controller is an opti-
mal state feedback controller that can be used to drive the system to
a desired location, when the motion model of the system is known or
can be estimated, as we have done in eq. 5. The cost function for an
infinite-horizon optimal controller is given by

J =

∞∑
k=0

(xTkQxk + uTkRuk) (8)

where Q ∈ R6×6 and R ∈ R3×3 are symmetric and positive semi-definite
cost matrices for the state and the input, respectively [2]. The diago-
nal elements of Q punish the squared individual elements in the state
vector, i.e. qi,i is the penalty for the ith element of x, assuming that
qi,j denote the element in the ith row and the jth column in Q. The
non-diagonal elements can be set for punishing the combination of the
elements of x, e.g. qi,j punishes the product of the ith and the jth el-
ement in x. However, the effect of non-diagonal elements to the actual
control behaviour may not be very intuitive, thus it is recommended to
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place elements only to the diagonal at least in the early phase of con-
troller design.

The function of matrix R is rather similar to Q, except that it pe-
nalizes the input instead of the state. The most intuitive choice for the
matrix is

R =

r1,1 0 0
0 r2,2 0
0 0 r3,3

 (9)

where the diagonal elements are used for penalizing Fx, Fy and M in
isolation, respectively. For instance, if we want to avoid applying high
torque to the system (e.g. for avoiding angle overshooting), we should
set a large value for r3,3. Non-diagonal elements could be used as well
for penalizing the combination of Fx, Fy and M . We did not experiment
this, but it might actually be worth trying, given that the applied force
and torque to the system are not fully independent in practice. For
example, if the maximum force towards x axis is applied to the vessel
(all thrusters pointing towards x direction), we obviously cannot apply
torque at the same time without compromising the force in x direction.
The values for Q and R were experimentally selected by trial and error
until a good combination of values was found. After the tuning phase
the controller was fast to response, yet it was able to avoid overshooting
the position or the angle.

The actual optimal control problem is given by

minimize
x

J (10a)

subject to

x[k + 1] = Ax[k] +Bu[k] (10b)

The optimal control action at time k that minimizes the objective func-
tion (eq. 8) and eventually drives the pose of the vessel to zero is given
by

uk = −Kxk (11)

The entire control sequence that must be applied to the vessel is given
by u = u1, u2, ..., un. In addition, K ∈ R3×6 is the state feedback gain
matrix which can be written as

K = (R+BTPB)−1(BTPA) (12)

where P can be solved from the algebraic Riccati equation

P = ATPA−ATPB(R+BTPB)−1BTPA+Q (13)

If the target pose (setpoint) for the control system is not zero, then
eq. 11 is refined to

uk = Nr −Kxk (14)
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where r ∈ R3 is the reference (setpoint) for the dynamic positioning sys-
tem and N ∈ R3×3 is a scaling matrix used for eliminate the steady state
error of the system, i.e. the final difference between the target pose and
actual pose. The matrix is given by

N = (C(I −A+BK)−1B)−1 (15)

where I ∈ R6×6 is an identity matrix. In the case of a trajectory tracking
problem where the target pose is essentially changing over time, the
control law is further refined to

uk = Nr −K(xk − xd) (16)

where xd =
[
0 0 0 vx,d vy,d ωd

]T is the expected or estimated twist
(velocity and angular velocity) of the target pose augmented by three ze-
ros. This term acts as a feedforward for the system and can make the
controller to predict and compensate the future error in the pose due
to the changing setpoint. State feedback together with the feedforward
term was experimentally proven to be more accurate controller in tra-
jectory tracking if compared to the pure feedback controller, especially
in higher velocities.

4 Improvements on LQR
LQR is the most basic form of an optimal controller and it does work
well in the situation where the environment dynamics can be accurately
estimated and there is no (or little) uncertainty in the system. In ad-
dition, LQR is computationally inexpensive, considering that it is an
offline controller where the control gain K is calculated only once prior
to the actual control task. The biggest issue related to applying LQR
in a dynamic positioning system is that LQR does not allow to set con-
straints on the system input u during the optimization. Consequently,
the controller output u must be clamped before passing to the thruster
allocation algorithm if the thrust limits are exceeded, which makes the
controller suboptimal especially if the required thrust is high. If the
thrust limits are not exceeded, this is not a problem though. A natural
improvement on this issue would be a constrained LQR or preferably a
model predictive controller (MPC) which allows to set constraints both
on the state and on the input [3]. Moreover, MPC is an online controller
which optimizes a finite number of future steps again at each time step
during the control task. However, the controller applies only the first
signal of the calculated control signal sequence to the system, before
optimizing again at the next time step. The same cost function (eq. 8)
can be used in MPC as in LQR.

Another improvement would be using a Linear–quadratic–Gaussian
control (LQC) which assumes a stochastic motion model and stochastic
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observations [4]. In fact, a real dynamic positioning system has uncer-
tainty both in the measured state and in the motion model. In practice,
the state of the vessel should be measured with a GPS and an IMU sen-
sors and then the real system state could be estimated according to the
motion model and the measurements. LQC augments the basic form
of LQR by adding a Kalman filter to the system used for estimating the
state.
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